Abstract. Let (X, d) be a metric space, and f : X → X be a continuous map. In this paper we prove that if R(f ) is compact, and ω(x, f ) = ∅ for all x ∈ X, then f is equicontinuous if and only if there exist a pointwise recurrent isometric homeomorphism h and a non-expanding map g that is pointwise convergent to a fixed point v 0 such that f is uniformly conjugate to a subsystem (h × g)|S of the product map h × g. In addition, we give some still simpler necessary and sufficient conditions of equicontinuous graph maps.
Introduction
Let (X, d) be a metric space. A map f : X → X is said to be equicontinuous (with respect to d) if there exists a function η : (0, ∞) → (0, ∞) satisfying the following condition:
(E) For any ε > 0, any n ∈ N (≡ {1, 2, · · · }) and any x, y ∈ X with d(x, y) ≤ η(ε), one has η(ε) ≤ ε and d(f n (x), f n (y)) ≤ ε. It is interesting to find some characterizations of equicontinuous maps. In [1] , by means of the orbit map O f : X → C(N, X) and the metric d f , Akin, Auslander and Berg gave some necessary and sufficient conditions for a continuous map f of a compact metric space (X, d) to be equicontinuous. Recently, Blanchard, Host and Maass [2] discussed the topological complexity, and showed that a continuous surjection f of a compact metric space X is equicontinuous if and only if any finite open cover of X under f has bounded complexity.
On one-dimensional spaces, one has some still finer results. In [7] , Cano proved that if f is an equicontinuous map from the interval I = [0, 1] to itself, then the set Fix(f ) of fixed points of f is connected, and furthermore, if Fix(f ) is nondegenerate, then f has no periodic points except fixed points. Bruckner and Hu (only if) and Boyce (if) proved that a continuous map f : I → I is equicontinuous if and only if ∞ n=0 f n (I) = Fix(f 2 ); see [6] and [5] . This result was also proved by Blokh in [4] . Valaristos [10] described the characters of equicontinuous circle maps: A continuous map f of the unit circle S 1 to itself is equicontinuous if and only if one of the following four statements holds: (1) f is topologically conjugate to a rotation; (2) Fix(f ) contains exactly two points and Fix(f 2 ) = S 1 ; (3) Fix(f ) contains exactly 
. Recently, Sun [9] obtained some necessary and sufficient conditions of equicontinuous σ-maps.
In this paper we will study equicontinuous maps of general metric spaces. Our aim is to find some new conditions of equivalence and to describe the structure of equicontinuous maps. Our main results are the following theorems: Theorem 3.2. Let (X, d) be a metric space, and f : X → X be a continuous map. Suppose R(f ) is compact, and ω(x, f ) = ∅ for all x ∈ X. Then f is equicontinuous if and only if there exists a unique retraction γ : 
is a periodic homeomorphism, or is topologically conjugate to an irrational rotation of the unit circle S 1 .
Properties of equicontinuous maps
Let (X, d) be a metric space, and f : X → X be a continuous map. For
Denote by Ω(f ) (resp. R(f ), resp. AP (f )) the set of all non-wandering (resp. recurrent, resp. almost periodic) points of f . f is said to be pointwise recurrent if R(f ) = X. f is said to be periodic if there exists k ∈ N such that f k is the identity map on X. Note that Ω(f ) is a closed subset of X. Proof. It suffices to show that
be a function that satisfies the condition (E). Write δ = η(ε). Then there exist y ∈ B(x, δ) and n ∈ N such that f
But this contradicts the condition (E). Thus we must have R(f ) = Ω(f ).
Let V be a subset of X. V is called an f -invariant set or an invariant set of f if f (V ) ⊂ V . V is called a minimal set of f if it is nonempty, closed and f -invariant and it does not contain any proper subset having these three properties. Note that all points in a minimal set are recurrent. 
. This is a contradiction. Thus ω(x, f ) must be a minimal set.
It is well known (for example, see [3] ) that if X is compact, then O(x, f ) is a minimal set if and only if x ∈ AP (f ). Thus from Corollary 2.1 we obtain
On non-expanding maps and isometric maps, we have the following proposition, with a proof suggested by the referee.
Proof. We may suppose X = R(f ). Then f is an injection. (In fact, if f (v) = f (w) for some v, w ∈ X, then v and w are in the same minimal set. Equicontinuity then implies that the point (v, w) ∈ X × X is recurrent for the product map f × f , which clearly implies v = w.) So f is a homeomorphism, and it is well known (and easily proved) that all (x, y) ∈ X × X are recurrent (in fact almost periodic) under f × f . From this the isometry property follows immediately.
Note that every continuous map from a compact metric space to itself is uniformly continuous. The following proposition is obvious. 
Then d f is uniformly equivalent to d.
Let (X, d) be a metric space, and f :
and, under d f , γ is non-expanding.
Proof.
(1) It follows from (3.1) that, under the metric d f , f is non-expanding, and hence, by Proposition 2.3,
(2) For any given x ∈ X, since ω(x, f ) = ∅, it follows from Proposition 2.2 and Lemma 3.2 that there exist y ∈ ω(x, f ) ⊂ R(f ) and integers 0 < n 1 < n 2 
By (1) of this theorem, for any i ∈ N, there is a unique point w i ∈ R(f ) such that f ni (w i ) = y. Since R(f ) is compact, the sequence w 1 , w 2 , · · · has a subsequence converging to a point v = v x ∈ R(f ).
For convenience, we may assume that the sequence w 1 , w 2 , · · · itself converges to v and that d f (w i , v) < 2 −i for all i ∈ N. Therefore, for any j ≥ n i , we have
which with the uniqueness of γ yields γf = f γ. For any x, y ∈ X, it is easy to see that
Hence γ is continuous, and under d f , γ is non-expanding. Obviously, we have γ(w) = w for all w ∈ R(f ). Thus γ is a retraction. Theorem 3.1 is proven.
) is compact, and f : X → X is equicontinuous, then, by Proposition 2.1, the conditions "R(f ) is compact" and "ω(x, f ) = ∅ for all x ∈ X" in Theorem 3.1 automatically hold. A topological property P is said to be retract-preserving if each retract of a topological space with property P also has property P. For example, it is easy to check that the compactness, the connectedness, the path connectedness, the local connectedness, the local path conectedness, the simple connectedness, the property that the n-th homotopy group is trivial, the contractibility, and the fixed point property are all retract-preserving properties. By Theorem 3.1, we have Corollary 3.1. Let (X, d) be a metric space, and f : X → X be an equicontinuous map. Suppose R(f ) is compact, and ω(x, f ) = ∅ for all x ∈ X. If X has some retract-preserving property, then R(f ) also has this property.
From Corollary 3.1 we see that, for example, if D is a disk in the Euclidean plane R 2 , and f : D → D is an equicontinuous map, then R(f ) is locally path connected and contractible.
Combining Theorem 3.1 with Lemmas 3.1 and 3.2 we obtain the following theorem, which gives a description of the structure of equicontinuous maps. It is well known (for example, see [1] ) that each transitive equicontinuous map from a compact metric space (X, d) onto itself is uniformly conjugate to an isometric homeomorphism. This property is also true for non-transitive maps. In fact, from Theorem 3.2 and Propositions 2.4 and 2.3 we can obtain the following corollary. 
Corollary 3.2. A map from a compact metric space onto itself is equicontinuous if and only if it is uniformly conjugate to an isometric homeomorphism.

Products of equicontinuous maps
, which is called the product of h and g, by
we have
Lemma 4.1. If h : W → W is a pointwise recurrent isometric homeomorphism, and g : V → V is a non-expanding map pointwise convergent to a point v 0 ∈ V , then every subsystem of h × g is equicontinuous.
Let β ≥ 1 be a constant. A continuous map f : X → X is said to be β-equicontinuous with respect to the metric 
Proof. Denote by R X the set of all maps from X to the real axis R. Define a metric ρ on R X by
Note that we permit ρ(ϕ, ψ) = ∞ for some ϕ, ψ ∈ R X . But in the following only the case ρ(ϕ, ψ) < ∞ is considered. Let the metric D dρ = max{d, ρ} on the cartesian product W × R X be defined as above. Let λ : (X, d) → (R X , ρ) be defined by λ(x) = ϕ x , for any x ∈ X, where ϕ x ∈ R X is defined by
It is easy to see that λ is an isometric imbedding. For any ϕ,
Then, for any x, y ∈ X, we have
Note that γ|W = id W , and γ 2 = γ. It follows from (4.8) that
Then, by (4.9) and (4.10), d and d are 2-equivalent metrics. This implies that
for all x, y ∈ X and n ∈ N. Thus f is 4β-equicontinuous with respect to d . It follows from (4.14) and (4.13) that, under d , f |W is still isometric. By (4.14) and (4.11), under d , γ is still non-expanding. By (4.14), (4.12) and (4.13), we have
Therefore, γ is a vertical projection relative to d . Lemma 4.2 is proven.
We now give the main theorem in this section. 
be the same as in the proof of Lemma 4.2. For any nonnegative integer n and any given x, y ∈ X with x = y, d(x, γ(x)) ≤ d(y, γ(y) ) and y / ∈ W , write x n = f n (x), y n = f n (y), and
Then s n ≥ t n , s 0 > 0, b 0 > 0, and b 0 ≥ a 0 . It follows from (4.3) that p n = max{a n , t n }, and q n = max{b n , t n }. Noting that λ is an isometric imbedding, by (4.6), (4.4), (4.5) and properties (ii) and (iii) we get 
